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Existence, Stability, and Convergence of Solutions of
Discrete Velocity Models to the Boltzmann Equation
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We prove the convergence of finite-difference approximations to solutions of the
Boltzmann equation. An essential step is the proof of convergence of discrete
approximations to the collision integral. This proof relies on our previous
results on the consistency of this approximation. For the space-homogeneous
problem we prove strong convergence of our discrete approximation to the
strong solution of the Boltzmann equation. In the space-dependent case we
prove weak convergence to DiPerna-Lions solutions.
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discrete approximation; kinetic theory; numerical methods.

1. INTRODUCTION

The problem of numerical approximation of the Boltzmann equation has
a long tradition and a huge literature. Recently a particular interest has
been focused on methods which can be considered as finite difference
approximations.®!® In our previous paper"> we have discussed one of
such algorithms introduced by Goldstein er al® (cf. also other papers
devoted to this subject.> % 1) We have shown the consistency of the algo-
rithm and made an error estimation. In the present paper we are addressing
the problem of convergence of this algorithm.

To prove that solutions of a certain numerical approximation are con-
vergent to a solution of the corresponding continuous problem we have to
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know that the continuous problem possesses a solution. In the case of the
Boltzmann equation, we know that for general initial data a solution exists
only in a weak sense. That cause additional troubles in the proof of con-
vergence. Hence we decided to consider separately two cases. The space
homogeneous equation, where there exists the unique strong solution of
the corresponding Cauchy problem. In that case, we are able to prove
strong convergence of the numerical algorithm. For the space dependent
Boltzmann equation, we have to approximate the weak solutions of
DiPerna-Lions. This problem has been partially solved by Mischler.!!® We
use his results and our proof of convergence for the collision integral™ to
show a weak convergence of a certain approximation to the DiPerna—
Lions solution,

2. NOTATION AND PRELIMINARY RESULTS

Let us consider the Cauchy problem for the space-homogeneous
Boltzmann equation

of

==0(/, f)

or 2.1)
f(0)=f°

with the collision term Q(f, /') defined by the formula

o N=] [ dvidug(wl, w(f(¥) S0 =) fv)  (22)

RY Y gd-

Here v and v, are precollision velocities and w=v—v,. v’ and v| are
postcollision velocities given by the expressions

, YtV lv—v,]
2 2
(2.3)
, V4V, lv—v;|
V1= 2 —u 2

In formula (2.2) du denotes the integration with respect to the normalized
Lebesgue measure on the surface of the unit sphere S~ ie, u(S¥~ ') =1,
and g(w, u) is the collision kernel which is assumed to fulfill the Carleman
condition

0<g(w,u)<c(l +w) (24)
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This equation is approximated by a Discrete Velocity Model (DVM)
on a discrete lattice in the velocity space. To this end, we introduce in
R a regular grid Q,={veR?:v=hn, neZ?}, where / is an arbitrary
positive number (mesh step). Let fi(t)= f(v, 1), where v,eQ,, and f)
denote the sequence { f;}. Then a discrete version of (2.1) can be written as

af; » :
Lo S DS Ii)

Jklel (25)
£i(0)=f?

The summation in this equation is in fact taken over a set of grid
points, i.e., indices i, j, k and / are abbreviations for v;, v;, v, and v, and the
set /; is defined as follows. For two incoming velocities v; and v, we set

— . — 2 2 _ g2 2
V= AVio VIEQ, iV + V=V, 4+ ¥V, Vi + V] =V +vj}

with r; being the cardinality of V. Then

L= {wixV;

v,eQ,

The coefficients 1"{;.1 are approximations to the continuous collision
kernel in integral (2.2)

where qu-’ =q([vi= Y[, (Ve =¥}/ [V —V1]).

That approximation was discussed in details in our previous
papers.>'*) Using the classical theory of DVM,*® it is easy to prove that
this model possesses essential features of the full Boltzmann equation: con-
servation laws, H-theorem and existence of stationary states in the form of
Gaussian distributions. It can also be shown that the space of summational
invariants is reduced to mass, momentum and energy. For more details we
refer to other publications.® !9

To make a comparison between solutions of (2.1) and (2.5) we have
to define discrete solutions on the whole R“ To this end, let us observe that
the grid Q, defines a partition of R” into a countable set of cells A4; of size
h? and centers in points v,=/An (like previously with velocities, we use for
cells a single index, i.e., writing A, for a cell with center v;). Then we can
extend a discrete solution on the whole R as a step function constant on
cells A,. An essential difficulty in that procedure is the correct definition of
the collision kernel.
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First, let us replace kernel g(w, u) with the 4d-dimensional symmetric
collision kernel

a(v, vy, V', vy)
’ !
V-V N ’ ' Sfy2 2 72 12
=q|IV=vi|, 7 ] o(v+v, — ¥ —V]) IV +vi =V —V}?)
[V —vil
— Vi

where 8(x) denotes the Dirac function (in the collision integral with kernel
a(v, v, v/, v}) integration is carried over R*). To discretize this kernel we
proceed as follows. First, we say that a pair of cells (A, 4,) is admissible
for a pair (4;, 4;), if v, v,e V;, where v, denotes the center of a cell 4,.
Then we can write

gy if ved,vied, Vel vied,
oV, v, ¥V, V)= and (A, 4,) is admissible for (4,, 4,)
0 otherwise

Defining the step function
Ch(v)=v,, if ved,
we can write
on(V, Vi, V', ¥) = 0(Cy(v), C(vy), Co(v'), Cp(vy))
oy, is therefore the modified collision kernel as proposed by Mischler.!'®)

Let now f, be a step function corresponding to the solution fj, = { f;}
of DVM in the whole R¢, i.e.,

falt,v)y=1i(t), for ved,

Then f}, is a solution of the Cauchy problem

W _
a1

a0, v) = f9(v) = fOUCy(v))

Onl(/ns f1)
(2.6)

where @, denotes the collision integral with kernel o, and an obvious
extension of integration domain to R
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We also consider truncated versions of (2.1} and (2.5) introducing
collision kernels with compact support'?

Y oy o(v, v, V', v}) if v,v,v,vieB0,n)
a (v,v,,v,v,)—{o otherwise (27)
and its corresponding discrete version
0,;:(‘,’ vi, V,, vr] ) — {Gh if Ch(V), Ch(vl )9 Ch(v,)’ Ch(vll) € B(O, I'l) (28)
0 otherwise

Distribution functions f and f,, truncated to the ball B(0, n) are denoted by
f" and f7}, respectively. They are solutions to the Cauchy problems:

a/"‘_ ng £n £'n
v i s 27
., (U i <n
/0. = {0 otherwise
aofry _
L - o34 13
e i e (2.10)
n _ (Cylv) 1 WYl <n
S0 = {O otherwise

Here Q" and Qf are collision operators corresponding to collision kernels
g” and o}, respectively.

The functions f, /7, f, and f§, which are solutions to the Cauchy
problems (2.1), (2.9), (2.6) and (2.10), will be considered in the weighted
L'-spaces

L= {f: j Lf(W] (1 +v?) dv< +30}
RE
with the norm

/1= 1AL+ dy

R‘l
fp» which is a solution of DVM (2.5) will be considered in /'-type

spaces with polynomial weight

u={ﬁ,w ZlﬁHl+ﬁV<+x}

Vi€ Q,,
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and the norm

Ifplls=h" 3 1AL+

v, €82,

Remark 1. In what follows, integration of step functions in R? can
be treated in two different ways. First, integration can be considered as
performed with respect to the usual Lebesgue measure in R“ This is the
way we are integrating in all estimations calculated in the paper. Second,
we can think of integration with respect to an atomic measure concentrated
on the grid points v,, with the measure of each point equal to A% This is
the way we are integrating in all calculations that lead to conservation
laws,

We end this section by proving some useful properties of the intro-
duced models. First, we show that classical symmetry properties of the
collision kernel o still hold for the kernels ¢”, gy, and of.

Lemma 1. Let o be one of the collision kernels ¢”, o, or .. Then

(l) G(V9 vl’v’a v’l)=0(v15v’ Vll,vl)s
(ll) O'(V, vlsvla v’l)=0-(v,s v’ly V, V]);
(i) fgar 0¥, V1, ¥V, VD) V' V) < c(1+¥2)'2 (1 4+vD)12,

Proof. (i) and (ii) are a straightforward consequence of the definition
of ”, gy, and o}, of the symmetry of ¢. (iii) is obvious for ¢” since 0" < 0.

Let us prove (iii) for o =0, (the case 6 =0} is included in that case
since gy <ay). Let v;= Cy(v), v;= Cy(v,) and

1
Py

ki
E=f a(v, v, V. V) dv dvi=— Y g%
RZ{I k!

where the summation is taken over all grid points on the sphere spanned
by v, and v;. By simple estimates we obtain

E< sup g(Jv,(—v,[u)<c(l +[v,—v|)
ne sd-!

ST+ v+v )<l +v)"72 (1 +v)72 |

Lemma 2. Let Q, be a given discretization of R and ¢: R* - R*
be a non-negative function which satisfies conditions of Lemma . Let us
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assume that for a(v,v,, v, v|)#0 the following conservation laws are
fulfilled

Co(v) 4+ Cplv)) = Cp(v') + Cy(v})

2 2 2! 201 (2.11)
Ch(v) + Ch(vl) = Ch(V )+ Ch(vl)

Let Q, denote the collision integral with kernel ¢ and f, ge L}, /Z(Rd ) be
two nonnegative functions. Then

Jo, (VY QoA /)= Qulg @D VS IS~ lsia 1S + 8l

where ¢ is independent of A, for bounded A, and the dependence on o is
only through a constant in Carleman’s condition (2.4).
Proof.
J, ) (14 ¥ (@ /)= ol £ ¥
<[ v oln v, Vo) Iy — g8l dv dv, dv a,
R
<[ V2P o v, Vo V) Lff = ggal dv dvy dv av,
R
Using Lemma 1(iii), we obtain for the second term

jw (142 a(v, vy, V', V1) | ff1 — gg1| dv dv, dv' dv)

gcj.nu(]+v2)s+l/2(1+v%)s+l/2 i.f.'fl_gglid\’dvl

<cllf—glserp IS+ 8lss10

For the first term one has to estimate the difference v? +v3 —v'2—v/2. By
the assumptions of the lemma and the estimation |Cy(v —v| < \/— /2/1 we
obtain

V24V 2= v2—vI< ch(|Ch(v)] + | Cul(v))]) + O(h?) < ch(|v] + |v,]) + O(h?)
Therefore

V2+v2<vi+vi+ch(1 +v)2 (1 +vHV2 + O(h?) (2.12)
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which leads to the estimation

1+v2<(1+v)(] +V'12) +ch(1 +v'H12(1 +V'12)”2+ O(h?)
e(l+v2)(1+v?)

for bounded 4. This gives for the first term a bound similar to that
obtained for the second term. |

A drawback of the last lemma is that one controls variation of
moments of Q by higher moments of the difference of arguments. The
following lemma due to DiBlasio® does not exhibit this drawback. We
present here a generalization of that lemma on the discrete case (which
includes the continuous one by setting 42 =0).

Lemma 3. Under the assumptions of Lemma 2, for any f, g€
L},(R?) (/. g nonnegative), we have

fnd (1+v*) sgn(f~ g QAL )~ Qulg gD dv<clf~ gl Ilf + gl

where ¢ is independent of A, for bounded 4, and the dependence on ¢ is
only through a constant in Carleman’s condition (2.4).

Proof.

Qo(/. /) —Qo(2: 8)

=5 |, (=& i+ 80— (/)i +20)
+

(Si— 80+ 8)—(fi—g)f +8) alv, v, v, vi) dv, dV dv;

—

Hence

J,, (192 sE0(/ =)ol /. /) = ol £)) ¥

1
<x [ = #1801 i ()

+Ah—gld (f+g)—1f—gl(fi+g)a(V)dV

where V= (v,v,,V,v]). To estimate the last integral let us take a non-
negative function ¢: R? — R* and consider the integral

sz (1+v2) a(V) (v, v}) dV
IR4‘I
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By conditions (i) and (ii) of Lemma 1 we obtain

J=1J 2+ v +v]) a(V) §(v', v}) dV
2 R4

L[ @i aV) v v av

=3 )

which together with estimation (2.12) gives

J<%f (14 a(V)((v, V) +(vy, V) dV

R4

+e fw (h(1+v2)"2 (1 +v3)2 4 h2) 6(V) §(v, v,) dV

Let us set ¢(x, p)=(f(x)—gx)(f(p)+g(p)+(f(y)—gly))x
(f(x) + g(x)).

Then we obtain

[ (142 sen(f= ) Q.. /)~ Qulg. £)) v

R

<] 0+ eWIfi=gil (f +2)aV

toh [ (1+v) 2 (142 a(V) |/ =gl (f;+81) dV

R4
weh? | o(V)1/~gl (fi+gn)aV

Then using condition (iii) of Lemma 1 we obtain

J,, (1477 sgn(/~ Qa1 )~ Qulg. &)

<clf—gliz 1f+8glap+chilf—gl I f+ gl
+ch? I f—gllhip IS+ gl
Sc(l+h+m) If—glh I f +gllap<clf—gli 1f +glsp

for any bounded 4. |
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3. EXISTENCE AND STABILITY RESULTS

There exists an extensive literature on the Cauchy problem for the spa-
tially homogeneous Boltzmann equation. In particular, Arkeryd’s proof
of the existence of solutions includes all cases we are treating here. More
precisely, for a collision kernel satisfying Carleman’s condition (2.4), there
exists a unique non-negative solution to the Cauchy problem (2.1) with a
non-negative initial data fye L. Moreover, if foeL!, s>1, then this
property is conserved in time, ie., f(1,-)e L}.

These results can be applied to (2.6), (2.9) and (2.10) since correspond-
ing collision kernels have symmetry properties and satisfies Carleman’s
condition (2.4) (Lemma 1). As a consequence, existence, uniqueness and
stability results also hold for the Cauchy problems (2.6), (2.9) and (2.10).

We could so far go directly to the next section but in view of the trun-
cations we have introduced previously (see (2.7) and (2.8)) one can look at
the problem of existence and stability in a new way. More precisely, solu-
tions in R? can be considered as limits of solutions of the truncated
problems. For the sake of consistency, we present in detail a proof based
on that idea, keeping in mind that many useful preliminary results are not
new at all. That proof can be sketched in three steps: the first one consists
in proving that there exists a unique solution to the truncated problem.
Second, one shows that the sequence of solutions with increasing domains
is the Cauchy sequence in a suitable Banach space and thereby converges
to a certain function f. The last step amounts to pass to the limit in the
truncated equations and shows that f is the unique solution of the limiting
Boltzmann equation (or its discrete version).

Step 1. We refer to Arkeryd® to get the existence of a unique solu-
tion of (2.9) and (2.10) in a given ball B(0, n).

Proposition 1. Assume that 0<g¢g(w,u)<K for every weR™,
ue S9!, where K is a given positive constant. Then there exists a unique
and non-negative solution fe CH{R*, L'(R9)) of (2.1) for every f©>0 in
L' and we have

1Az o= 11/ lo, forevery >0
Moreover, if f®e L! with s> 1, then

/@D =1, and A <e, 10 0ty

where ¢, depends only on ¢, [|°[; and s but not on K.
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In this proposition, the boundedness of ¢ allows to prove the existence
for a small time interval while its symmetry property allows to iterate this
procedure for any time. It is therefore of major importance that truncated
collision kernels (2.7) and (2.8) are bounded and preserve the collision
invariance (cf. Lemma 1).

One should remark that the proof is so far not different from
Arkeryd’s proof, the only difference appears in the truncation: in one case
the collision kernel is truncated with respect to relative velocity while in the
other velocities themselves are bounded.

It is also important to remark “the mild influence of ¢ on the moment
estimates for bounded time intervals” (cf. Arkeryd®)). In particular,
moment estimations are independent on the upper value of ¢, i.e., on the
size of the domain.

Step 2. Let us now look at the sequence { "}, cn (resp. {/7},ew)
of solutions of the truncated problems (2.9) (resp. (2.10)) in B(0, n).

Proposition 2. Let f®eL!, with s> 3. Let /" (resp. /}) be a solu-
tion of (2.9) (resp. (2.10)) in B(0, n) and {/™} ,cn ({f2} .cn) be @ sequence
of solutions for increasing domains. Then { "}, cn ({ f 7} ,en) cOnverges to
a non-negative function f(fy) in C°%[0,¢,], LYRY)nCN[O, 1],
L}_,,(R9)) for arbitrary 7, and r <s. Moreover, f(1,-)e L}.

Proof. We present the proof only for { f7}, .~ as the continuous case
is included in that case (take #=0). We shall omit the index h and replace
Sfuby f" Qr by Q" and o}, by ¢”. Let n, m be two integers such that m <n.
Then using a standard argument, we have

d af" of”

L =sm= [ vy sgnr— g (=S av
= [ (L+v2) sl /"= /™)@ f1) = Q7™ /™)) dv
= [ (L+v2) sgn(f7 = F70QS™ 1) = Q™ ™)) dy

+ [ (1492 sgn(/" = F™0(Q7™ /™) = Q™ ™) d

EE1+E2
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Applying Lemma 3 and Proposition 1, we obtain

Ex<c|f"=f" ||f"+f'”||3/2<c,l Al A | Y “f0||3/2 (3.1)

for arbitrary #, (¢, does not depend on n and m).
For the second term we have the estimation

Ey <[ (14¥2)(a"(V) = a™(V)) If'fs — fi] AV

<[ (+¥) (V)= 0™V If 11— M 4V

as gz2o". Here V=(v,vi,v,v), f'=f"(Y), f1=/"(v1), f=/"(v) and
fi=7/"(v,). Symmetry properties of o and ¢™ and non-negativeness of /™
yield

1 )
E,<5 [ 2+ +v)(a(V) = 0™V fs + 1) 4V

Now,

(V) = o™(V) S H(Cy(v)? + Cy(vy)* — m*) a(V)
= H(Cy(V')* + Co(v1)> —m?) a(V)

where H(x) is the Heaviside function. Using again microreversibility and
bound (iii) of Lemma 1, we obtain

Ey< [ (14 ¥2+¥3) H(Cy(v)? + Cu(v,)* —m?) a(V) ff, dV

< 1+ 234372 dv 1+v2 372 .dv
CJCh(V)>m/ﬂ( v ) f Jkd( 1) /1 1

Sem 2l 1™ S e, s 105 152 (3.2)

for any s> 3 and bounded 4. This last inequality together with (3.1) gives

d
o WSS ey s 2 U = +m¥27?) (33)
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Since

1470, ) = f7(0, )y < JC (1+v2) fov)ydv<em' = | /1,

Wv)=m
then using Gronwall’s lemma, we obtain
L) — £, ) < CmPR—5e @, for 0<r<y,
Hence, {/f"},cn is a Cauchy sequence of non-negative functions which
converges to a non-negative function f in C%[0, 7,], L}(RY)). Moreover,
using Fatou’s lemma, one can pass to the limit in

Lo Ms<eg 1% 01,

so that [| /{7, ), <c¢,, 0. Hence,

L= fe<| 4]
Ivi< R Ivl>R
S+ R Ut ) = Sl )y +2¢, o1+ R?) T
for 0 <t <t, and arbitrary R. A suitable choice of R and n yields
fr=f in CUL0, 4] LURY)), r<s (3.4)

Now, Lemma 2 gives

2

S VA A PR VA A PETORMULE § A AP

r—172

Therefore { "}, cn is a Cauchy sequence in C'([0,1,], L,_,,(RY)), r<s,
which converges to a function F. But according to (3.4), that limit must be
fso that F=fae. |

Step 3. We can now give a proof of existence, uniqueness and
stability for the Cauchy problems (2.1) and (2.6) {we observe that (2.5) and
(2.6) are in fact two different formulations of the same problem).

Theorem 1. Let f° be a non-negative function in L!, with s> 3.
Then, for an arbitrary ¢, there exists a unique and non- negatlve solution
f to the Cauchy problem (2.1), feC%[0,¢,], LXR)) YI0, 1,1,
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LLI/Z( R?)), r <s. This solution is a uniform limit of solutions to the trun-
cated problems as described in Proposition 2. Moreover, we have

£t o= 1/ los 1/(2, )y = 1/°ll, and
1A s<en 1% <8 (3.5)

where ¢, depends only on ¢, and moments of f °,
The same conclusion is valid for the discrete problem (2.6) (or equiv-
alently (2.5)).

Proof. Let f be the limit of a sequence {f"},.n of solutions in
bounded domains (see Proposition 2). Then f{z, -) e L}(R?) and Lemma 2
implies that Q(f, f)(t, )€ L]_,,(R?) (r <s, 1<1t,). After calculations
similar to Proposition 2 one obtains

1Q"(f" ")t ) = QUL ), o
<c|fm =Sl 12 ( Hf"”l/z + [/l 1/2) +cn'2s (A ¥aAl 172

<c¢y, o0 sup 1" = flp+n'27%) =0, as n— w

(B

where we have used the uniform boundedness of moments of f” and f.
Hence, Q"(f", ") — Q(/, f) strongly in C°([0, 7,], L'(RY)).

On the other hand, df"/dt — 8f/0t in C*([0, 1,1, 1}_,,(RY)), r<s, so
that f is a solution of the Boltzmann equation in the whole domain.

If g is also a solution of the Boltzmann equation with the same initial
data, Lemma 3 gives

d :
7 If—gl<c, »If—gl,
for 0<t <¢,. Applying Gronwall’s lemma, we obtain f=g. ||

Remark 2. Results on existence and uniqueness of solutions for the
continuous Boltzmann equation better than Theorem 1 are known in the
literature for a long time. The most recent is the theorem by Mischler and
Wennberg™ in which it is assumed only that f°e L!. The advantage of
our Theorem 1 is the fact that the theorem remains valid both in con-
tinuous and discrete case. Essential for our future considerations is,
however, the fact that solutions of the truncated problems converge to the
solution of the Cauchy problem in R
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4. CONVERGENCE

We can now study the convergence of discrete solutions to the con-
tinuous solution of the space homogeneous Boltzmann equation (2.1). The
convergence leans essentially on the approximation (2.5) of the collision
integral. The following consistency result is taken from our previous
paper.'!®

Proposition 3. Let ¢ be a continuous collision kernel such that
(2.4) holds and /'be a function in C%R?) ~ L}(R¥), with s>2, d > 3. Then

Y Tfi=Lf) = O vy as h—0, (4.1)

Sk lel;
uniformly on every compact set 7.

That result has to be understood as follows: suppose that v is a given
velocity in a compact set T and denote Q,(v)= {we[R" w=v+/in,
ne Z“}, then the previous quadrature applied in v with quadrature points
in £2,(v) converges to Q(f, /)(v) as 1= 0. Moreover, this convergence is
uniform with respect to vin T.

We are concerned with the approximation of solution of the Boltzmann
equation by numerical solutions. From that point of view, discrete velocity
models with infinite number of velocities cannot be considered and we have
to use truncated discrete velocity models which are well suited for numerical
purposes. Then we expect to obtain a result of the form: solutions of trun-
cated discrete velocity models tend to the continuous solution as the
domain of computation is increased and the step /1 diminished. This is the
conclusion of the following theorem.

Theorem 2. Let f be a solution of the space homogeneous
Boltzmann equation (2.1) with initial data f®e C%(R) n L}(R“), for s >3,
d=3. Let /] be a solution of the Cauchy problem for DVM (2.9) in the
ball B(0, n) with step /1 and initial data /°(Cy(v)). Then

LA — £y < clelh) +n?27%) e, for re[0, ]

where £(/1) >0 as -0 and ¢ is a constant depending only on ¢,, f°
and s,

Proof. From the assumptions of the theorem and results of
Carleman®® and Arkeryd"’ (see Proposition 1) it follows that the solution
of Eq. (2.1) is in CYRY)~ L}(R?). Analogously, from Theorem 1, f7(1) is
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in L! with the norm independent of n. Hence we can consider the norm of
the difference of these two solutions

d . . .
7 = 1ul =J (L+v2QUL /) = Qh(Sfh, /1)) sgn(f— /) dv

= [ L+VQU )= @ulhs /) +(Qulfs /)= O4Uf 1))

HQRUL ) = Qu(S5s S1))) sen(f = f1) dv
=E+E,+E,

We shall now estimate the three terms separately. For the first term we
have

+j =E +Ep,

lvi>m

Ev<[ (1491004 /)= Qulf Nl dv=|

vi<m

For |v| <m we make the following decomposition

QUL 1)) = Oulfs VI <TQUS S)v) = QS SICr(v))]
+[Q0f, SUCHYV)) = Onl( /s SUCH(V))]
+1Ou(fs SUCV)) = Oul /s IV

Q(f, f) is uniformly continuous on compact set [0, 7;] x B(0, m), so that
the first term tends uniformly to zero on that set. Second term is the error
of the quadrature formula (4.1) which tends uniformly to zero on
[0, t;] x B(0, m). As concerns the last term, we remark that the positive
part of Q,(f, /) is piecewise constant so that

|Qul(fs /)¥) = Oul( /2 SUC(¥))]

<M= ACHDE [ S 03, ¥, ¥ ¥i) dvy v v

R3
< (T+v)210) = G 1/

and consequently that term converges uniformly to zero on [0,7,] x
B(0, m). Finally, we obtain

Ey <Ctl,f°£m(h)

where ¢,,(4) tends to zero with /4 for fixed m.
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For |v| >m we can write

E,zscj (1+v3)¥2 (1 +v2)'2 ff, dv dv,

vl >m '[IR"
[ [ 0N £ o V) £f Y
Vl>m 'R¥

The first term is easy to bound, while for the second we have to use
inequalities (2.12) and

mE<vE+vi< (V] + vy +h)?
Proceeding as in (3.2) we obtain
E,< C'l's’n3/2—s “.f()“s ||f2|| 32
Therefore
E < c,],fo,s(sm(h) +m3?—9
32—

for any me R ™. For ¢ arbitrary small, let m be such that ¢/2 =m and

h such that ¢,,(h) <e&/2. Then
E, <€y, f0 58

where £ - 0 as 1 - 0.
We can now proceed to the estimation of £, which is actually similar
to (3.2) (see Proposition 2). Then

32—
Ezgcil:fu,sn

Finally one can apply Lemma 3 to bound E,

Ey= [ (14 )(Q5 /s /)= QR 5. S3) senlf— f3) d

el f—=rilh ||f+fﬁ”3/2<6'x,,f° If=ful

Collecting the estimates for E,, £, and E;, we have
i n < 0 l 3-25 g n
TSl < e o delhy 407 = [3 ),

which using Gronwall’s lemma gives the assertion of the theorem. |
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5. THE SPACE DEPENDENT BOLTZMANN EQUATION

In this section we consider the Cauchy problem for the space dependent
Boltzmann equation
of » : y y
—+v- Vo /=00 ) veRY xeR

ot (5.1)

J(0)=1°

This problem have been considered by Mischler’™ in the frame of the
DiPerna-Lions solutions.'”’ To obtain the renormalized solution of (5.1) in
the sense of DiPerna-Lions it is necessary to assume that the initial data
£ fulfills the condition

ffﬂ(x, V(1 +x2+v2 4 [log fo(x, V)|) dx dv < ¢ (5.2)

Then the Cauchy problem (S.1) possesses a renormalized solution f{(¢)
which satisfies the condition

sup Jf(t, X, V(1 +x*+ v +log f(t,x, v)| dx dv<c,
[0, 7]

To approximate this solution by a discrete velocity model we discretize
the velocity space like for the space-homogeneous equation and leave the
configuration space unchanged. This leads to the hyperbolic system of
equations

of, ]
ai[+ch(v>-vxﬁ= X TiUesi=1if)
bk el (53)
J1(0)=f2(x)

As in the previous section, we have to show an existence theorem
for that system, Because there is no global existence result for DVM,
Mischler!®) has modified this system of equations by a truncation

a" " v n v ~
%*Ch(”‘vxfﬁwﬂ) Y T ffi— 1)
ik lel; (54)

fi(0)= /(%)

where p =3 h“; and K gx(x) = min(x, R)/x.
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The last equation can be written in terms of the step function f, like
in the previous section. This time, however, f, = f.(t, X). Then we have

.
o o o) -V fo = pn) Qulfie fi)

ot
fh(o) =f?1

where Ph=fm Jadv and R, is a positive constant, which will be chosen
later. Then, as Mischler observed, the global existence theorem follows by
the Banach fixed point theorem.

The proof of convergence of solution to the system (5.3) (or (5.5)) is
due to Mischler.!'¥ However, as the author observed himself, there is a
missing gap in the proof. To be more precise, Mischler proves convergence
under very strong assumption about the approximation of the collision
integral by a discrete sum. Lemma 4 below proves that this assumption is
fulfilled for our class of approximate collision kernels o,,.

(5.5)

Lemma 4. For every test function ¢ € C(RY) n L®(R“) and almost
all v, v, in R, d>=3,

Joa P VLV VD V) AV Y = (v w ) du (56)

as h— 0.

Proof. According to the definition of g, the integral in the left hand
side of (5.6) is in fact a sum which is defined as follows. We take two
vectors v; = Cy(v) and v, = Cy(v,) and span the sphere S~ !(v,, v,) with the
center (v;+v;)/2 and diameter |v,—v;|. Then we consider all points from
the grid 2, which belong to that sphere and form pairs of antipodal points.
Denoting by (v,, v,) such pairs and by r, their number, we can write

ot v v o) v v = g (vl i )
k!

1
ry " [ve — vl

Then it is clear that the statement of the lemma is exactly Corollary 4 from
our paper.*> The only difference is that the corollary has been proved for
d'=3 but the proof is similar for d>3. |

Taking in (5.5) a sequence of truncation constants R, such that
R, — oo as h— 0, we obtain the following theorem on convergence. Its
proof is a combination of the original proof due to Mischler’® and our
Lemma 4.



326 Palczewski and Schneider

Theorem 3. For & — 0 and every ¢, >0 a sequence of solutions f,,
of the initial-value problem (5.5) with initial data fulfilling condition (5.2)
converges weakly in L=([0, ¢,], L'(R*)), d=3, up to the extraction of a
subsequence, to a renormalized solution of the Boltzmann Eq. (5.1).
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